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Lecture 5, Deep Learning, 2025 Spring OpenPsi @ I111S

Logistics

* Coding Project 2 due tonight!
* Be aware of submission format and evaluation script!
* Please make sure your model can be properly.evaluated!
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Lecture 5, Deep Learning, 2025 Spring

Today’s Topic

OpenPsi @ I111S

e Latent Variable Model
e Variational inference

e Variational Autoencoder
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Lecture 5, Deep Learning, 2025 Spring

Discriminative v.s. Generative (Recap)

Discriminative
e ®
 Discriminative model (lecture 2-3) AR
* Objective: p(y|x) \iﬁ o,
* Simple problem and feedforward networks ] Yoo
\‘ &
'

e Generative model
e Objective: p(x) or p(x,y)

OpenPsi @ I111S

Generative

* The problem itself is hard-(need to model high-dimensional data distribution)
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Discriminative v.s. Generative (Recap)

Discriminative Generative
C . : « © ®
 Discriminative model (lecture 2-3) AR @
b @ ®
ijectlve. p(y|x) b Yoo °®
* Simple problem and feedforward networks 0.2 L o @ e &
,--.__l\ _ Ik . ‘
* Typically require labels (supervised learning) ® o' : i :
¢ 0 ° &

* Generative model
* Objective: p(x) orp(x,y)
* The problem itself is hard-(need to model high-dimensional data distribution)

* Generating high-dimensional-data in a flexible way
e But sampling can be non-trivial (e.g., Energy-based model)
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Lecture 5, Deep Learning, 2025 Spring OpenPsi @ I111S

Energy-Based Model — .;‘

é%
Qi e .../ﬁ
® . |

o

* Goal: learn p(x; 0) ©

 General formulation: p(x) = %exp(—E(x))

o ?
y
* Non-trivial sampling: MCMC g
* Gradients! (Stochastic Gradient MCMCQ)
e Z: partition function (key challenge) ‘ " .
* No closed-form density for p(x) L e A
* Learning: Contrastive Divergence -

* No closed form for p(x)
* Run Monte Carlo sampling to estimate gradient
 Decrease E () on data samples & increase E (x") on non-data samples

e Can we designvan easy-to-sample model?
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Intultion

* Goal: design p(x) s.t.
* Easy to sample
e Easy to compute likelihood (density function)
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Intultion

* Goal: design p(x) s.t.
e Easy to sample
e Easy to compute likelihood (density function)

* Easy to sample?

* Recap: how do we sample from a complex random variable p(x)?
e Easy to hard sampling: z =/x
* Uniform & Gaussian! z~Unif(0,1) orz~N(0,1)
* Principle: first sample zand then sample x based on z
* First z~N(0,1)
e Then p(x|z):design a sampling process for x from z
* Eg. x>N(f(2),4(2))
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Latent Variable Model

OpenPsi @ I111S

* Formulation p(x,z) = p(z)p(x|2z)
» 7: latent variable
e x: observed variable (data)

* Key Idea: from a simple variable z to high-dimensional data x
* p(z): prior distribution
* p(x|z): conditional distribution (conditional likelihood)
* p(z|x): posterior distribution
* p(x) = fzp(xlz)p(z): marginal distribution (marginal likelihood)

* p(x) remains non-trivial

e Generation is straightforward
* Assume p(z) and p(x|z) are easy to sample from
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Latent Variable Model l’

* p(x,2) = p(2)p(x|2) @

e x data; z latent variable X
 Example: Gaussian Mixture Model *
» z~Categorical(wy, ..., wg) . .
* XNN(,LLZ, z:Z) %w 3
* Parameters: V1 < k < K,wy, Uy, 2y ¢ ° . @ E
* Generation process " atontzupion i

e Sampling a cluster index z
* Generate x according to the cluster distribution
* Training process

* Given data, learn cluster centers and co-variances
* This is called clustering
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Lecture 5, Deep Learning, 2025 Spring

Latent Variable Model: Training

* Learning the latent variable model

* Joint probability: p(x, z; 8) for random variable X and Z
* p(x,z;,0) = p(?: 0)p(x|z; 0)
 Dataset D = {x(‘)} for X, variable'Z is neverobserved

* Maximal Likelihood Learning

L(O) = logl_[p(x; 0) = z logz p(x,z;0)

XeD xXeD
* Marginal probability can be expensive to compute!

* When z is continuous, the objective even becomes intractable
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Lecture 5, Deep Learning, 2025 Spring

Latent Variable Model: Training

* Learning the latent variable model
* Joint probability: p(x, z; 8) for random variable X and Z
* p(x,2;0) = p(z;0)p(x|z; 0)
 Dataset D = {x(i)} for X, variable'Z is neverobserved

* Maximal Likelihood Learning

L(B) = logl_[p(x; 0) = z logz p(x,z;0)

XeD xXeD
* Marginal probability can be expensive to compute!

* When z is continuous, the objective even becomes intractable
* Remark: VL(8)can be tractable when p(x, z) < exp(—E(x, z))
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Lecture 5, Deep Learning, 2025 Spring

Latent Variable Model: Training

* Learning the latent variable model

* Joint probability: p(x, z; 8) for random variable X and Z
* p(x,z;,0) = P(?; 0)p(x|z; 0)
 Dataset D = {x(‘)} for X, variable'Z is neverobserved

* Maximal Likelihood Learning

L(B) = logl_[p(x; 0) = z logz p(x,z;0)

xeD X€D
* Marginal probability can be expensive to compute!

* When z is continuous, the objective even becomes intractable
* Remark: VL(8)can be tractable when p(x, z) < exp(—E(x, z))

* Goal: a fast approximation of the marginal probability

3/14 Copyright @ 111S, Tsinghua University
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Latent Variable Model: Training

* Goal: approximation of log )., p(x, z; 0)

* |dea#1: Importance Sampling
* Proposal distribution q(z)

0
p(x)—zqm p20)

* The probability can be apprOXImated by drawing samples from q(z)
* Learning objective L(x;60)

L(x:0) = 1og2 q(z) -

p(x,z;0)
q(z)
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Latent Variable Model: Training

: : X,z;0
* Goal: approximation of log )., q(z) - p(q(z) )
* |dea#2: concavity of log(-) 25 —
° . p(x,Z,Q) — iz log(gqx; + (1 — q)xy) _d___.——f_—#______
log ZZ q(Z) CI(Z) % o - T1og(xy)
* Forany0 <x; <x, <1, oo q108(x) + (1 )logx)
f;; LT
<

* log(ax; + (1 — a)x,) = alog(x;) 4 (1 — a)log(x,)
* More general, for any weights a; >0 & ),; a; = 1, N/

-1%

* log(}; a;x;) = X ajlog(xy) g : : 5 : 10

.5
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Latent Variable Model: Training

,Z;0
* Goal: approximation of log Y., q(z) - p(::é) )
* |dea#2: concavityoflog(:) _____ - .. =~ = -
r * logz (Z) ) p(z,0) = Z (Z) logp(x'Z;Q) : i: log(qx + (1 — q)x,) _f__F_,_u_f-"'__
I Zq C[(Z) — Z q C[(Z) ,

10 \I_ 'l'(_;g(xz)
* Forany0<x; <x, <1, a5 log<xl>-ﬂ4\qmgm+uqnogm)
0 £,

f(x) =log(x)

* log(ax; + (1 — a)x,) = alog(x;) 4 (1 — a)log(x,) e /TN T
¢ ! gx1 + (1 —q)x;
* More general, for any weights a; >0 & ),; a; = 1, 10

|
o

* log(}; a;x;) = X ajlog(xy) g - : T
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Latent Variable Model: Training

OpenPsi @ I111S

* Goal: approximate log )., n(x, z; 8)

* Ideas: importance sampling & concavityof log(-)
e Evidence Lower Bound (ELBO)

X, Z,
logp(x; 0) = logz p(x,z;0)> z q(z) logp(
Z

* A tractable lower bound-of the trueobjective
* Easy to optimize
* When will the equality hold?
* i.e., a tight lower bound
* Sol: q(z) < p(z|x;6)

3/14 Copyright @ 111S, Tsinghua University 17
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Evidence Lower Bound

* ELBO becomes exact when q(z) = p(z|x;0)

. p(x,z,0) _ p(x,z;6)

. = 2.29(z) logp(x; 0)
Y = logp(x; 6)
* We can optimize a tight lower bound by setting q(z) = p(z|x; 0)

* An iterative process
* Optimize p(x, z; 0) w.r.t. fixed-g(z)

. _ p(x,z;0)
](9) - ZZ q(Z) log CI(Z)

* Set q(z) «p(z]x; 0)
* Repeat /

3/14 Copyright @ 111S, TsinghuaUniversity
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Evidence Lower Bound

* ELBO becomes exact when q(z) = p(z|x;0)

. p(x,z,0) _ p(x,z;6)

. = 2.29(z) logp(x; 0)
Y = logp(x; 6)
* We can optimize a tight lower bound by setting q(z) = p(z|x; 0)

* An iterative process
* Optimize p(x, z; 0) w.r.t. fixed-g(z)

. _ p(x,z;6) log P(0;6°) = J(6°,6%)
](9) - ZZ q(Z) log CI(Z)
* Set q(2) «p(zlx; 89

* Repeat /

3/14 Copyright @ 111S, Tsinghua University 19




Lecture 5, Deep Learning, 2025 Spring OpenPsi @ I111S

Evidence Lower Bound

* ELBO becomes exact when q(z) = p(z|x;0)

. p(x,z,0) _ p(x,z;6)

y = 2.2q(z) logp(x; 6)

y = logp(x; 0)
* We can optimize a tight lower bound by setting q(z) = p(z|x; 0)
* An iterative process

* Optimize p(x, z; 0) w.rt. fixed-q(z; 6°) T l0g P(0;0)
« J(8) = X;q(2) logp(;é;)a) e )i(e o J(6%,6
* Set CI(Z) «— p(z'x; 9) / (6,69

* Repeat /
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Evidence Lower Bound

* ELBO becomes exact when q(z) = p(z|x;0)

. p(x,z,0) _ p(x,z;6)

y = 2.2q(z) logp(x; 6)

y = logp(x; 0)
* We can optimize a tight lower bound by setting q(z) = p(z|x; 0)
* An iterative process

* Optimize p(x, z; 6) w.r.t. fixed-g(2) T log P(0: 6%)
+ J(0) = T, a(2)og P22 ”\“) 1020
* Set q(z) «p(z]x; 89 / J(6,6°)

* Repeat /

3/14 Copyright @ 111S, Tsinghua University 21
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Evidence Lower Bound

* ELBO becomes exact when q(z) = p(z|x;0)
¢ %,q(2)10g B2 = 3, q(z) log B2

q(z) p(z|x;6)
y = 2.2q(z) logp(x; 6)
. = logp(x; 6)
* We can optimize a tight lower bound by setting q(z) = p(z|x; 0)
* An iterative process log P(0; 6%) = J(6%, 6%)

* Optimize p(x, z; 0) W.r.t. fixed-g(z; 61)

. _ p(x,z;0)
](0) - ZZ q(Z) log Q(Z)

* Set q(z) «p(z]x; 8%

* Repeat //

3/14 Copyright @ I11S, Tsinghua University | 22
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Evidence Lower Bound

* ELBO becomes exact when q(z) = p(z|x;0)

. p(x,z,0) _ p(x,z;6)

. = 2.29(z) logp(x; 0)
Y = logp(x; 6)
* We can optimize a tight lower bound by setting q(z) = p(z|x; 0)

* An iterative process s oeP (010}
* Optimize p(x, z; 0) w.r.t. fixed-q(2) “ /\_/ \
+ J(6) = X, q(2)Jog P / /

q(z)

* Set q(z) «<p(z]x;0) /
* Repeat |

3/14
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Evidence Lower Bound

* ELBO becomes exact when q(z) = p(z|x;0)

. p(x,z,0) _ p(x,z;6)

y = 2.2q(z) logp(x; 6)

y = logp(x; 0)
* We can optimize a tight lower bound by setting q(z) = p(z|x; 0)
* An iterative process

e Optimize p(x, z; @) w.r.t. fixed-g(z) (M-step) A e logP(0:)
* Set q(z) < p(z|x;6) (E-step) /7

* An EM algorithm 1(6,6°)
* How to set q(2) «ap(z|x;6)? y/

3/14 Copyright @ I11S, Tsinghua University ‘ 24
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Variational Inference

* Goal: q(z; ) <« p(z|x)
* Find a parameterized distribution q(z;-¢) to approximate the posterior
* In our case, we want to learn ¢ to approximate p(z|x; 0) w.r.t. a fixed 6

* Distance metric between q(z; ¢).and p(z}x)
q(z)

* KL(qllp) = X2 q(2)log:,) =

* Variational Inference: mqbin KL(g||p)

3/14 Copyright @ 111S, Tsinghua University 25
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Variational Inference

* Goal: q(z; ) <« p(z|x)
* Find a parameterized distribution q(z;-¢) to approximate the posterior
* In our case, we want to learn ¢ to approximate p(z|x; ) w.r.t. a fixed 6

* Distance metric between q(z; ¢).and p(z}x)

+ KL(qllp) = ¥,4(2) log =3

e Variational Inference: mq;n KL(gf{p)

 Remark: pay attention to the order of KL (reverse KL)!

* Mean-field variational inference

* Afactored proposal: ¢(z) = [1; qi(zi|x)
By calculus ofvariation. (&%, T BRI Fr&nda)
log g7 (z;]x) = Ezjil[logp(z x)]| + constant

i * Repeatedly update the distrib{tidh’ 6F ¢;(%;)'((8thg the expectation of p(z, x) 26
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Variational Inference

* Goal: q(z; ¢) < p(z|x)
* Find a parameterized distribution q(z;-¢) to approximate the posterior

* In our case, we want to learn ¢ to approximate p(z|x; 0) w.r.t. a fixed 6
* Distance metric between q(z; ¢).and p(z}x)

+ KL(qllp) = ¥,4(2) log =3

* Variational Inference: mqbin KL(g{|p)

* KL(q(z; 9)|Ip(z]|x)).=2,q(z; @) log Zii}fi
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Variational Inference

* Goal: q(z; ¢) < p(z|x)
* Find a parameterized distribution q(z;-¢) to approximate the posterior

* In our case, we want to learn ¢ to approximate p(z|x; 0) w.r.t. a fixed 6
* Distance metric between q(z; ¢).and p(z}x)

« KL(qlIp) = %, q(2) log L2

p(z)
e Variational Inference: mqbin KL(ql{p)
* KL(q(z; §)|Ip(z|x))= Xzq(z; @) log ZZTQ = 229(z ¢) log Q(zg:)(x)

3/14 Copyright @ 111S, Tsinghua University 28
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Variational Inference

* Goal: q(z; ) « p(z|x)
* Find a parameterized distribution q(z;-¢) to approximate the posterior
* In our case, we want to learn ¢ to approximate p(z|x; 0) w.r.t. a fixed 6

* Distance metric between q(z; ¢).and p(z}x)

+ KL(qllp) = £, q(2) log 22
* Variational Inference: mqbin KL(qllp)
« KL(q(z 9)lIp(21%)) = £,z $) log T22) = 7, q(7; ) log L2282
. =¥, q(z $) logp(x) — ¥, q(z; §) log 22

q(z;¢)

3/14 Copyright @ 111S, Tsinghua University
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Variational Inference

* Goal: q(z; ¢) < p(z|x)
* Find a parameterized distribution q(z;-¢) to approximate the posterior

* In our case, we want to learn ¢ to approximate p(z|x; 0) w.r.t. a fixed 6
* Distance metric between q(z; ¢).and p(z}x)

« KL(qlIp) = %, q(2) log L2

p(z)
* Variational Inference: min KL(ql{p)
2 (z;)p(x)
z: Z; X
* KL(q(z §)IIp(z1x) = £,z 9) log 222 = 3, (2 ¢) log T2
° — logp(X) — Zz CI(Z; ¢) log p(ZIX)

Constant 9(z;¢)
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Variational Inference

* Goal: q(z; ) « p(z|x)
* Find a parameterized distribution q(z;-¢) to approximate the posterior
* In our case, we want to learn ¢ to approximate p(z|x; 0) w.r.t. a fixed 6

* Distance metric between q(z; ¢).and p(z}x)

+ KL(qllp) = ¥,4(2) log =3

* Variational Inference: min KL (ql{p)

¢
. _ X _ q(z;p) _ _ q(z;¢)p(x)
KL(q(z P)lIp (1)) 7 Lzq(z d) log —= = X, q(z; $) log ===
° = logp(x) = X, 4(z ¢) log =
(z,x)
* L(¢) = 2, q(z; p) log s(z;;) Evidence Lower Bound (ELBO)!!!

3/14 Copyright @ 111S, Tjid
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Variational Inference

* Goal: q(z; ¢) < p(z|x)
* Find a parameterized distribution q(z;-¢) to approximate the posterior

* In our case, we want to learn ¢ to approximate p(z|x; 0) w.r.t. a fixed 6
* Distance metric between q(z; ¢).and p(z}x)

+ KL(qllp) = ¥,4(2) log =3

e Variational Inference: mqbin KL(ql{p)
* KL(q(z; ¢)lIp(z]x))

. =logp(x) — ¥, q(z; ) log 222

2 q(z;¢)
. — ] p\Z,X
L(¢) ZZ q(Z, ¢) log q(z;qb)

Copyright @ 111S, Tsinghua University
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Variational Inference

* Goal: q(z; ¢) < p(z|x)
* Find a parameterized distribution q(z;-¢) to approximate the posterior

* In our case, we want to learn ¢ to approximate p(z|x; 0) w.r.t. a fixed 6
* Distance metric between q(z; ¢).and p(z|x)

« KL(qlIp) = %, q(2) log L2

p(z)
e Variational Inference: mqbin KL(ql{p)
- logp(x) = KL(q(z @ (%)) + X, a(z $) log 2222
. = approximate error + ELBO = ELBO

© L) = X,q(% $)10gE 22

3/14 Copyright @ 111S, Tsinghua University
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Variational Inference (Explained)

OpenPsi @ I111S

* General Formulation of Bayesian Inference
* Dataset D = {x}
* Model p(x; 8) with parameter 6
* Goal p(0]x)

* Remark: optimization learns asingle 8" while Bl learns a distribution

* Variational Inference as a.Mean of Approximate Bayesian Inference
* Use q(0; ¢) to approximate p(6]x)
* VI Objective: KL(q||p) = C +ELBO

* Interpretation: VIobjective is a lower bound of log p(x)
logp(x; 0) =.approximation error + ELBO

* VAE naturally inherits-all the nice mathematical properties of VI ©
4 o Further read: black-box variational inferente Ihttpond mixistorg /abs/1401.0118 34




Latent Variable Model: Training

e Latent Variable Model: p(z, x) = p(2)p(x|2)
* MLE objective: p(x;0) = ),,p(z,x;0)

,X;0
* ELBO: p(x;0) = )., q(2) logp(;é) ) = L(6; q)

* lterative learning: (1) optimize 6. w.r.t. g(z) and (2) q(z) « p(z|x; 0)




ep Learning, 2025 Spring

Latent Variable Model: Training

e Latent Variable Model: p(z, x) = p(2)p(x|2)
* MLE objective: p(x;0) = ),,p(z,x;0)

,X;0
* ELBO: p(x;0) = )., q(2) logp(;é) ) = L(6; q)

* |terative learning: (1) optimize 8. w.r.t. g(z) and (2) q(z)<p(z|x;0)

* Variational Inference
* Approximate p(z|x; )by a tractable distribution q(z; @)

3/14 Copyright @ 111S, Tsinghua University
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Latent Variable Model: Training

e Latent Variable Model: p(z, x) = p(2)p(x|2)
* MLE objective: p(x;0) = ),,p(z,x;0)

,X;0
* ELBO: p(x;0) = )., q(2) logp(;é) ) = L(6; q)

* lterative learning: (1) optimize 6. w.r.t. g(z) and (2) q(z) <« p(z|x; 0)

* Variational Inference
* Approximate p(z|x; )by a tractable distribution q(z; @)

Ol | p(z,x;0)
L(¢:6) = Z (z 9)log™ <
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Latent Variable Model: Training

OpenPsi @ I111S

e Latent Variable Model: p(z, x) = p(2)p(x|2)
* MLE objective: p(x;0) = ),,p(z,x;0)

,X;0
* ELBO: p(x;0) = )., q(2) logp(;é) ) = L(6; q)

* lterative learning: (1) optimize 6. w.r.t. q(z) and (2) q(z) < p(z|x; )
* Variational Inference
* Approximate p(z|x; )by a tractable distribution q(z; @)

Ol | p(z,x;0)
L(¢:6) = Z (z 9)log™ <

Use variational inference to learn a separate q(z; ¢) for each possible x?
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Latent Variable Model: Training

OpenPsi @ I111S

e Latent Variable Model: p(z, x) = p(2)p(x|2)
* MLE objective: p(x;0) = ),,p(z,x;0)

,X;0
* ELBO: p(x;0) = )., q(2) logp(;é) ) = L(6; q)

* lterative learning: (1) optimize 6. w.r.t. g(z) and (2) q(z) <« p(z|x; 0)
* Amortized Variational Inference
* Approximate p(z|x; )by a conditional tractable distribution q(z|x; ¢)

,X; 0
L(30) =Y a(zlx: §) log B s)

q(z|x; @)

* A universal approximatong for any x and p(z|x)

3/14 Copyright @ 111S, Tsinghua University 39



Latent Variable Model: Training

e Latent Variable Model: p(z, x) = p(2)p(x|2)
* MLE objective: p(x;0) = ),,p(z,x;0)

,Z;0
* ELBO: p(x;0) = )., q(2) logp(:é) ) = L(6; q)

* lterative learning: (1) optimize 6. w.r.t. g(z) and (2) q(z) <« p(z|x; )

* Amortized Variational Inference
* Approximate p(z|x; )by a conditional tractable distribution q(z|x; ¢)

,X; 0
L(:0) =Y a(zlx; ¢ log L)

q(z|x; P)
* Joint Learning J(0, ¢;x)
(@, #;x) = Zﬂt@%lsxgmmgg

p(z,x;0)
q(z|x; )




Latent Variable Model: Training

* Learning objective J (8, ¢; x)
* J(6,¢;x) = X, q(zlx; p)(logp(z,x; 8) = log q(z|x; ¢))



Latent Variable Model: Training

* Learning objective J (8, ¢; x)
](9 ¢;x) = 2,q(z|x; p)(ogp(z, x; 0)—log q(z|x; ¢))
= 2.2q(z|x; p)(ogp(x|z; 6)— logq(z|x; ) + logp(z; 0))



Latent Variable Model: Training

* Learning objective J (8, ¢; x)
](9 ¢;x) = 2,qzlx; p)(Iogp(z, x; ) —=logq(zlx; p))
= 2.2q(zlx; p)(ogp(x|z; 0)— log g(z|x; ¢) + logp(z; 0))

— Zz Q(Z X, ¢) log p(XIZ; 9) _ Zz Q(le; ¢) log q(lf(lfégb)




Latent Variable Model: Training

* Learning objective J (8, ¢; x)

* J(6,¢;x) = X2q(z|x; p)(logp(z, x; 8) = log q(zlx; b))
. =, q(z|x; p)(logp(x|z; 0)— log g(z|x; ) + logp(z; 6))
ALY
: = %, q(zlx; ) log p({2;9) — 5, q(zlx; ) log AP
o = E;q(z|x:) Hogp (X |z, 00— KL(q(z|x; d)||p(z; 0))
Expectation of log likeliheod (recanstruction) KL divergence

* Design of p(z,x;0) and'q(z|x; P)
* Principle: easy to.compute!
* Gaussian prior:p(z) >N (0, 1)
* Gaussian likelihood: p(x;;|z; 9)~N(ﬁj(z; 0), 1)

" Isomorphic Gaussian: CI(Z|X;Wh’t‘w\f(sﬂh(%wwv' diag(exp(o(x; qb))))



Latent Variable Model: Training

* Learning objective J (8, ¢; x)

* J(6,¢;x) = X, q(zlx; p)(logp(z,x; 6) = log q(z|x; ¢))
. =, q(z|x; p)(logp(x|z; 0)— log g(z|x; ) + logp(z; 6))
ALY
: = %, q(zlx; ) log p({2;9) — 5, q(zlx; ) log AP
. = Eyq(zpx:0) 10gp x| 2. 0)D= KL(q(z|x; $)||p(z; 0))
Expectation of log likeliheod (recanstruction) KL divergence

* Design of p(z,x; 0) and'q(z|x; P)
* Principle: easy to.compute!
e Gaussian prior:p(z)~N (0, 1) Neural networks!

* Gaussian likelihood: p(x;;|z; H)~N(fij(z; 9), 1)
" e |somorphic Gaussian: q(zlx;"%ﬁ)“&\f’(ﬂ“@@?ﬁ?ﬁtﬁ, diag(exp(a(x; qb))))



Lecture 5, Deep Learning, 2025 Spring

Variational Autoencoder

OpenPsi @ I111S

* VAE Architecture
* Isomorphic Gaussian: q(z|x; $)~N (,LL(X; ¢), diag(exp(o(x; CP))))

* Gaussian prior: p(z)~N(0,1) x
* Gaussian likelihood: p(x|z; 0)~N(f.(z; 8),I) e~1v(o,p)4@£
* Autoencoder x — z - x T

* Unsupervised learning (data to data, z never observed) J70) } Decoder

* Encoder q(z|x; ¢): x =z ‘ Sample z

* Decoder p(x|z;0):z = x N(Tz;u(x),m;)) N

e Remark 1 Net ¥ Net
* p(x|z) istheactual generative model N L Encoder
* g(z|x) is only the proposal

3/14

° but Optimized to apprOXimafgvﬁW|&j' Tsinghua University T .
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Variational Autoencoder

* Training via jointly optimizing ELBO

* J(¢,0;x) = Ez gz, 108 P (x|Z; 0)} = KL(q(z]x; d)||p(2))
e Two terms: likelihood term & KL term

X

e~N (O, D)JI—)
f(z;0) } Decoder

‘ Sample z

N (z; p(x), 2(x))
1 T —

U1 Net Y Net

> Encoder
Neural Net

3/14 Copyright @ 111S, Tsinghua University T 47
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Variational Autoencoder

OpenPsi @ I111S

* Training via jointly optimizing ELBO
* J(¢,0;x) = E; gz log p(x|2; 0) | < KL(q(2]%; d)||p(2))
* KL penalty

X

+ q(zlx; 9)~N (u(x; ¢), diag(exp(a(x; ¢)))) Mm,m%;
o p(Z)NN(O; I) f(z;0) } Decoder
* Closed-form!
. ) ‘ Sample z
o —1 Te-1 _
Dxr (Mo ||[NV1) = By {tr(21 20) + (g =) B () — ) —k+1n =] } N(TZ;M(X),E(D;))
* Implement it in'your coding project © U Net T Net
= Encoder
Neural Net
3/14 Copyright @ I11S, Tsinghua University T -
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Variational Autoencoder

OpenPsi @ I111S

* Training via jointly optimizing ELBO
* ]((p» 0; X) — Ez~q(z|x;¢) [logp(x|z; 9)] _\ KL(CI(le; (]5)||p(Z))
* Likelihood term (reconstruction loss)

X

* Monte-Carlo estimate! :[
e~N(0,D)

* Draw samples from q(z|x; @) i
« Compute gradient of 8: L(8) « Y |x.= f(z; 0)|? f(z;0) } Decoder

e x~N(f(z;0);1 )

(f ’ ) ( , No gradient! ‘ ‘ Sample z

+ p(x) = g=exp (<51 — f (012

* How to get the gradient of ¢p.through q(z; ¢)?? N(TZ;”(X)’E(’;)) _
L(¢) = E,_qz.¢)llogp(x|2)] iuNet | [T Net
= Encoder
Neural Net

| —
3/14 Copyright @ 111S, Tsinghua University 49
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Variational Autoencoder

* Training via jointly optimizing ELBO
* ]((P; 0; X) — Ez~q(z|x;¢) [logp(x|z; 9)] _\ KL(CI(le; (]5)||p(Z))

OpenPsi @ I111S

* Likelihood term (reconstruction loss) x

* Monte-Carlo estimate! e~N(o,D){J£
* Draw samples from q(z|x; ¢) !
« Compute gradient of 8: L(8) « Y., |x.= f(z; 0)|? f(z;6)

* Re-parameterization trick ‘ Sample z
* Recap the sampling' method for Gaussian

« z~N(u,0%) © z=pu+o-¢ e~N(0,1) N(TZ;“(X)'E(’;)) _

* L(¢) x Ez~q(z|¢)[|f(Z) — x|?] p Net X Net
y o Ec o, LIf (ulx; @) + 0 (x; ¢) - €) — x|?] N

* Monte-Carlo estimate for VL(¢)!

I

X

i » 1sample for e is sufficient fof*stalsIe"traffthg" '

} Decoder

&% Encoder

50
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Variational Autoencoder

* Variational Autoencoder (VAE)
* Encoder q(z|x; ¢)
* Decoder p(x|z; 0)

 End-to-end unsupervised learning(x:— z~qg(z|x) — x)
J(¢,0;x) = Econ(on [log p(x|ulx;'@) + o(x3) - €;,0)] — KL(q(z; $)||p(2))
* By Kingma & Welling, ICLR 2013 (43k citation, ICLR 2023 test-of-time award)

Auto-Encoding Variational Bayes

Diederik P. Kingma Max Welling
Machine Learning Group Machine Learning Group
Uniyersiteit van Amsterdam Universiteit van Amsterdam
dpkingma@gmail.com welling.max@gmail.com

3/14 Copyright @ 111S, Tsinghua University 51
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VAE v.s. Standard Autoencoder

* Autoencoder
* A classical unsupervised learning method for representation learning

* VAE: a simple generative extension of AE
* Generative model: AE + Gaussian.noise on z

Input <«-------

* KL penalty: L2 constraint on the latentvector z

An compressed low dimensional
representation of the input.

AE

------------------ Ideally they are identical. ------------------»
x ~x
Bottleneck!
Encoder Decoder
z
9¢ fo

Reconstructed
input

Copyright @ 111S,

loput «-----------oo
Probabilistic Encoder
g4 (z[x)
Mean I
X
o
Std. dev

z=p+oQOe

a;ngh a UniVerSit\/e [ad N(O, I)

latent vector

Probabilistic
Decoder

po(x|z)

An compressed low dimensional
representation of the input.

VAE

OpenPsi @ I11S
Reconstructed
Ideally they are identical.  ---------------------- > .
, input
XX
Sampled




OpenPsi @ I111S

Lecture 5, Deep Learning, 2025 Spring

Variational Autoencoder

* Interpretable latent space

* By interpolating z, we can observe how the generated samples vary

e Automatic clustering in the (low-dimensional). latent space

DA NNNNANNNNSNNSNNNNNSN
QA ELELLLLLWN NN~
QAVINNNRLLELLLLOVYY Y N~
QAVADININinlyto o VOVVY W~~~
QAUAVODHHLININKNWWWBVIYIVIY Y W W - —
QOODMIN NNt ®HDVVV9» = —d—
00065533388666666(%|
QODODMMNMMMNNM®DO DD D w o = —
COBOMMNMMMM®NDDD D@ = —
QOO ()M N 0N 0O WD D D e B —
005333333388558&.\.\\&\
QOMAM MM MM 000 ee o=~
SAANEEARP P PP Ee o~~~
Ol AN PPt o~~~ rE
Q22111.ﬂﬂ.‘qqqq79977.m7
VAo orororrorrrraaS~
SAdadaddadgorrrrsr TN~
SdadddgoorroramrdITITIINN
SAdddTTrrryFrsrrrrrrPTr2R™2RNN
SFTToToToromoro N ENRRIX™NNN

e
54
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Inpainting with VAE

* Inference the mixing pixels?

* Fully observable training data D = {x(i)}
 Standard VAE: q(z|x) & p(x|z)

e Corrupted data: x = x () mask

* Goal: q(z|x) = q(z|x)

* We do not need to change the generator.p(x|z)

. ° ° ° e Ideally they are identical.
* Randomized mask in training! o
input §troye npu input
input =
* x O mask -z - x o o lo
. 0 ®’ |
* Better encoder architecture o ® |x
: @ o |0 .
* Masked convolution @ o |0
: . 0 ® IR
* |dea: convolution only on unmasked pixels o o |o A compressed low dimensional
- Image Inpainting for Irregular Holes Using Partial Convolutions (ECCV 2018 _ representation of the inpt
- mage Inpainting for Irregular Holes Using Partia onvgosv:?x(@ e TSinghua iversity : N




Lecture 5, Deep Learning, 2025 Spring

Conditioned VAE

* Include label in VAE .. .-'3| _121
e D = {(x®,yO)) £ I\
* Encoder: q(z|x,y; ¢) [
* Decoder: p(x|y, z; 0) (-

* Conditioned generation! conditfoned VAE

OpenPsi @ I111S

] e

conditioned generation

 What if we have both labeledidata and unlabeled data?

3/14 Copyright @ 111S, Tsinghua University
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Conditioned VAE

* Semi-supervised learning EX nzl
- 0y = {(x0,y9)) &
+ D, = {(x®)) 2
* Decoder: p(x|y,z; 0) !
* Encoder? conditi:lr:;;d VAE :ﬁlllumc.:onditioned gen;ra;’;ilon

* q(z,y|x; p)
* In practice, we assume. independent.variables q(z, y|x; ¢) = q(z|x; ¢) - q(y|x; P)

3/14 Copyright @ 111S, Tsinghua University 56
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Conditioned VAE

D, - _
* Semi-supervised learning EX “.-li.l /7 =
Dy = [(x0,y0) =Rl M 8
+ Dy = {(x)) 2 s

* Decoder: p(x|y, z; 0) i

* Encoder: CI(Z: }I|X; ¢) conditilglr:;;d VAE M Méonditioned gene:ra;’;ilon
* Training

e Easy on supervised data

 Standard VAE trainingfor g(z|x; ¢)
* Cross-entropy loss'on g(y|x; ¢) on labeled data

e What about-unlabeled-data?
* How to train g(yjx; ¢d)?

3/14 Copyright @ 111S, Tsinghua University 57
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Conditioned VAE

OpenPsi @ I111S

* Semi-supervised learning EX .- _“ﬁll /—Aé
e D; = {(x®,y®)) ] | /L /

* Dy = {(xW)]
* Decoder: p(x|y, z; 6)
* Encoder: q(z,y|x; ¢)

* Training on unlabeled data D,,
* Loss = reconstruction +KL penalty

* KL penalty: KL(q(2)||p(2)) +KL(q(¥)||Ip(¥)) (p(y)~uniform)

* Reconstructiondoss: L = E, ,,_4(25)llogp(x|z,y; 0)]

conditioned VAE conditioned generation

3/14 Copyright @ 111S, Tsinghua University 58
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Conditioned VAE

OpenPsi @ I111S

* Semi-supervised learning EX .- rﬁll /,_i /wj
Dy = {0,y )] = - /B /B
- D, = {(xV)} o B o

* Decoder: p(x|y, z; 0)
* Encoder: q(z,y|x; @)
* Training on unlabeled data D,,
* Loss = reconstruction +KL penalty
* KL penalty: KL(q(2)||p(2)) +KL(q(¥)|lp(¥)) (p(y)~uniform)

* Reconstructiondoss: L = E._y (0,1 y~qy)l0gp(x|u(x) + o(x) - €,y; 6)]
* Reparameterization trick for z

conditioned VAE conditioned generation

3/14 Copyright @ 111S, Tsinghua University 59
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Conditioned VAE

OpenPsi @ I111S

* Semi-supervised learning EX .- al| /—Aé
e D; = {(x®,y®)) ] | I /

* Dy = {(xW)]
* Decoder: p(x|y, z; 6)
* Encoder: q(z,y|x; ¢)

* Training on unlabeled data D,,
* Loss = reconstruction +KL penalty

* KL penalty: KL(q(2)||p(2)) +KL(q(¥)|lp(¥)) (p(y)~uniform)
* Reconstructiondoss: L = Ec._n(o,1),y~q(v)l0gp(x|u(x) + o(x) - €,y; 6)]

* Reparameterization trick for z
* What abouty ?

* ....although we do have trick¥ifirtééttre1 wpersiv

conditioned VAE conditioned generation

3/14
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Conditioned VAE

. - _
* Semi-supervised learning EX ?éll e /ﬁj
* Dy = {(x,yW)} = / B /
* D, = {(xW)} [, ./ il ./

* Decoder: p(x|y, z; 0) __

* Encoder: CI(Z' Y|x; ¢) conditilglr:;;d VAE Mc..onditioned genélra;’;ilon
* Training on unlabeled data D,,

* Loss = reconstruction +KL penalty

* KL penalty: KL(q(2)||p(2)) +KL(q(¥)|lp(¥)) (p(y)~uniform)

* Reconstructiondoss: L = Ec._n(o,1),y~q(v)l0gp(x|u(x) + o(x) - €,y; 6)]

* Reparameterization trick for z
 We only have a few labels! Expand the expectation!

3/14 Copyright @ 111S, Tsinghua University 61
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Conditioned VAE

* Semi-supervised learning EX .- rﬁll /,_i /wj
Dy = {0,y )] = - /B /B
- D, = {(xV)} o B o

OpenPsi @ I111S

* Decoder: p(x|y, z; 6)
* Encoder: q(z,y|x; ¢)

conditioned VAE conditioned generation

* Training on unlabeled data D,,

3/14

* Loss = reconstruction +KL penalty

* KL penalty: KL(q(2)||p(2)) +KL(q(¥)|lp(¥)) (p(y)~uniform)
* Reconstruction loss:

* L=Ec noDy~q) [logp(x|u(x) + o(x) - €,y;0)]

* =Ecnonl2cqy =c) logp(x|ulx) + a(x) - €,y;0)]

Copyright @ 111S, Tsinghua University 62
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Conditioned VAE

* Semi-supervised learning EX
0= {(x0,y®)) T
* Dy = {(xV))
* Decoder: p(x|y, z; 0)
* Encoder: CI(Z: Y|x; ¢) conditi.:r:;d VAE
* Training on the entire dataset D

e Supervised loss L
* Cross entropy for q(v); VAE loss for q(z)& p(x|z, y)

* Unsupervised loss.L*

OpenPsi @ I111S

o O o

conditioned generation

Semi-supervised Learning with
Deep Generative Models

* Expanded-ikelihood ‘overy for reconstruction loss
* Combined loss: J (@, ¢) = L' + BL*

3/14 * Leverage massive unlabeled datgedt ¢ 11s. tsinahua iniversity

Diederik P. Kingma*, Danilo J. Rezende®, Shakir Mohamed®, Max Welling*
*Machine Learning Group, Univ. of Amsterdam, {D.P.Kingma, M.Welling}@uva.nl
tGoogle Deepmind, {danilor, shakir}@google.com
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Variational Autoencoder: Summary

* Pros
* Flexible architecture & stable training
* Cons

* Approximate inference

3/14 Copyright @ 111S, Tsinghua University 64
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Variational Autoencoder: Summary

* Pros
* Flexible architecture & stable training
* Cons

* Approximate inference

* Intrinsic issue of KL divergencein VI
* KL is asymmetric

+ VI:KL(qlIp) = Z79(z) log &3
* KL(q||p): reverse (exclusive) KL
* KL(p||q): forward (inclusive) KL
* The mode collapse issue

* Useforward KL?

e Further reading of interest
e . https://arxiv.org/abs/2202.01%1_

yright @ 111S, Tsinghua University

inclusive KL exclusive KL
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Variational Autoencoder: SAVANAV: VAVAVAV

° P rOS (a) Predictions after 200 training epochs. (b) Predictions after 1100 training epochs.
. ) o Structured VAE
* Flexible architecture & stable training https://arsiv.org/abs/1603.06277
* Cons

* Approximate inference
* Intrinsic issue of KL divergencein VI
’ Assumed denSity Of q(le) & p(Z) hlop hlop-;hamidd]e htopg hmiddie, Prbottom Original
* p(z)~N(0,I) for computation reason VQ-VAE-2

* We can have a more powerful prior (later in lecture 10) https://arxiv.org/abs/1906.00446
e E.g., structured VAE; VQ-VAE-2

* q(z|x)~N@x), Z(x))

\ . . Variational Inference with Normalizing Flows
* Whatifp(z|x) is multi-modal?
* We need a more powerful proposal distribution b jmene: kesenae PANILOR@ GOOGLE COM
Google DeepMind, London
* Egl ﬂOW mOdeIS as CI(Z) (leCture 7(3) ) https://arxiv.org/abs/1505.05770
3/14 Copyright @ I11S, Tsinghua University
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Variational Autoencoder: Summary

* Pros
* Flexible architecture & stable training
* Cons

* Approximate inference
* Intrinsic issue of KL divergence
* Assumed density of q(z) & p(2)
* Variance due to single-step.sampling

* Importance-weighted.autoencoder (Burda, Grosse & Ruslan, ICLR16)
e https://arxiv.org/abs/1509.00519

* Use more than one samples from g(z|x) for a tighter lower-bound

3/14 Copyright @ 111S, Tsinghua University 67
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Variational Autoencoder: Summary

* Pros
* Flexible architecture & stable training

e Cons

* Approximate inference
* Intrinsic issue of KL divergence
* Assumed density of q(2) &p(2)
e Variance due to single-step.sampling
* MLE as the reconstruction loss
* p(x|z;6) = N(diag(f (2 6)):1)
e Blurry samples!

* Improve the decoder architecture (lecture 9)
* Balancing the KL penalty and reconstruction loss

* Gaussian latent to discrete |atent (in lecture 11)

0 inghua University

* Change the loss! (next lecture ©)
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Variational Autoencoder: Summary

* Pros
* Flexible architecture & stable training

e Cons

* Approximate inference
* Intrinsic issue of KL divergence
* Assumed density of q(2) &p(2)
e Variance due to single-step.sampling
* MLE as the reconstruction loss
* p(x|z;6) = N(diag(f (2 6)):1)
e Blurry samples!

* Improve the decoder architecture(lecture 9)
* Balancing the KL penalty and reconstruction loss

* Gaussian latent to discrete |atent (in lecture 10)

0 inghua University

* Change the loss! (next lecture ©)
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VAE Variants

e VAE Objective (ELBO)
J(0,¢;x) = E, gz l0g p(x|2; )IKL(alzlx; d)||p(2;0))

Reconstruction KL penalty

3/14 Copyright @ 111S, Tsinghua University 70
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VAE Variants

* [-VAE (Higgins et. al, DeepMind, ICLR 2017)

J(0,¢;x) = E,_ 7)) l0g p(x|2; 0)] =B KL(g{z|x; $)||p(z; 0))

Reconstruction KL penalty

* Interpretation

3/14

Decoder
po(x|z)

, [EZ~q(Z|x;¢) llog p(x|z; 9)]]
subject to KL(q(z|x; §)||Ip(2)) < €

Lagrangian

OpenPsi @ I111S
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VAE Variants

* [-VAE (Higgins et. al, DeepMind, ICLR 2017)
J(6,0;x) = E; qzx;0)l0g p(x|z; 0)] &B KL(g(z|x; p)||p(z; 0))

Reconstruction KL penalty

 Special cases
* f = 0:standard AE
 f = 1:standard VAE

* [ > 1:force the latent space closer to isomorphic Gaussian

* Insight: each dimension of Z are forced to be independent
* Disentangle factors!

3/14 Copyright @ 111S, Tsinghua University 72
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VAE Variants

OpenPsi @ I111S

* [-VAE (Higgins et. al, DeepMind, ICLR 2017)
J(0,¢;x) = E,_ 7)) l0g p(x|2; 0)] =B KL(g{z|x; $)||p(z; 0))

Reconstruction KL penalty
* Learned factors in z
DC-IGN InfoGAN 5-VAE VAE
S wmmmas SEOOOG LR AGIYI UG NN
SeeRdIY FARSSRNCEBII AN S AL
E‘IFII’F ﬁdﬂrﬂrﬂ* nmww s s AR EEEw
£ 1y WREERR  @dAdddAdA
E Factor fiot learnt _-g ” J,“ ’!i;!f’
) e Pwwu== SYymnenn
BELRTY dessue
E’ Factor not learnt Factor not learnt d"f , ’ ’ ; *' ' . .
3/14 g ight @ I11S, sg . ? -( 4 4 - = ‘ 73
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VAE Variants

Lecture 5, Deep Learn

E, gz logp(x|z; 0)] B KL(gdz|x; $)||p(z; 6))

* [-VAE (Higgins et. al, DeepMind, ICLR 2017)
J (6, p; x)

KL penalty

Reconstruction

74

TOTOE LY Voone
LTV GOOHe VCODHe
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* Learned factors in z
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VAE Variants

* [-VAE (Higgins et. al, DeepMind, ICLR 2017)
J(8,¢;x) = E, gz log p(x|2; 0)] =B KL(gdz|x; $)||p(2; 0))

Reconstruction KL penalty

* Learned factors in z
* Trade-off between reconstruction and-disentangle features!
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VAE Variants

* Understanding disentangling in 5-VAE (DeepMind, NIPS 2017)
J(6,¢;x) = E,_ gz 108 0 (x|2; 0)| = BNKL(q&lx; $)l|p(z; 0)) — C]

Reconstruction KL penalty Controlled capacity
* Learned factors in z (3) Coloured dSpries ) 3D Chaie
* Gradually increase C! dANEEEASRNENE @4 4B & 2 H @bk 5 Daa
y "“!... w 4 4 L & 2 B ® b g Reconstruction
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VAE Variants

OpenPsi @ I111S

* [-VAE (Higgins et. al, DeepMind, ICLR 2017)
J(8,¢;x) = E, gz log p(x|2; 0)] =B KL(gdz|x; $)||p(2; 0))

Reconstruction KL penalty

* Learned factors in z
* A popular (unsupervised) approach for pretraining features

* No free lunch!

e Challenging Common Assumptions in the Unsupervised Learning of Disentangled Representations,
(Google Brain, ICML2019)

* Disentangle features are fundamentally impossible without supervision or
model inductive bias
* Inductive biasor supervision is important (structured model)
* Empirical successes can be highly random ...
« Tune your model and your baséline hard!®" ™™ "

3/14



Lecture 5, Deep Learning, 2025 Spring

Summary

* Generative Model
* Learn a probability distribution p(x; 6)
* Energy-based model: p(x) = %exp(—E(x; 8))
e Latent variable model: p(x, z) =p(x|z)p(2)

 Variational Autoencoder
* A computation-efficient design of p(x, z)
* Isomorphic Gaussian wherever possible
 Variational inference for efficient and stable learning
* ELBO & reparameterization trick

* Flexible framework with nice mathematical property
* But may suffer from blurry outputs... (next lecture!)
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